


condition ensuring steepness. This condition ensures that if certain algebraic equations
involving the first r terms of the Taylor expansion of H0 have no solution, then H0 is
steep. Theorem B also gives an estimated of the steepness indexes (important quantities
related to the time of stability). This theorem also allows to deduce a few interesting
corollaries. Corollary B1 is a remarkable generalization of the main result of Chierchia,
Faraggiana, Guzzo; Corollary B2 gives a characterization of the semialgebraic set for which
steepness is not ensured and Corollary B3 gives an interesting condition ensuring non
steepness of H0. These results are new and very interesting. It is difficult to imagine a
better charachterization of steepness: I think we can finally say that thanks to these results
steepness is well understood.

Part two of the thesis is devoted to the proof of a new Bernstein Ramirez inequality.
This is an inequality allowing to control the sup of an analytic function on an open set
through the sup over a much smaller compact set. The inequality proved in the thesis
applies to functions whose graph is contained in a the zero set of a polynomial of a given
degree. This kind of inequalities is useful in the study of steepness and also for the study
of number of zeros of polynomials.

The third part of the thesis is devoted to the proof of a Nekhoroshev type theorem
for Hölder perturbations of a steep analytic integable system. To comment on this, I recall
that it is well known that the time of stability in Nekhoroshev theorem becomes a power
of ǫ−1 for perturbations of finite smoothness. This had been proved previously for the
case of quasiconvex H0 in which a simpler proof is known to apply. In this part of the
thesis Barbieri proves that in the case of perturbations of class Cℓ the time of stability is
of order (| ln ǫ|ℓ−1ǫa)−1 with a = (ℓ−1)/2nα1...αn−2 and αj the so called steepness indices
of H0. Technically the proof consists in finding an analytic approximation of the Hölder
Hamiltonian and in applying the analytic Nekhoroshev theorem to the approximating
system. The main new point is the technique of approximation used in the thesis, which
is a refinement of the one introduced by Jackson-Moser-Zehnder. In particular Barbieri
adapts it to the case of functions of action angle variables, namely functions which are
periodic in the angles.

The forth part of the thesis deals with a quantitative Morse Sard inequality allowing
to estimate in a quantitative way the distance between common critical levels of some
functions. This result is expected to be useful in the proof of a conjecture by Arnold,
Kozlov and Neishtadt on KAM theory. Such a conjecture states that the measure of the
complement of the set of invariant tori should be of order ǫ if the perturbation is of order
ǫ. The point is that a naive estimate would give a measure of order

√
ǫ, while a mechanism

found by Arnold, Kozlov and Neishtadt leads to the idea that the set should be much
smaller. The conjecture has been proved by Biasco and Chierchia (2020) in a special
case, but the general (and typical) case remains open. Barbieri’s lemma is probably an
important step for the proof of the general result.
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